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Ground-water hydraulics as a geophysical aidl

By Johan G, Ferr152

The publication of the non~equilibrium formula in 1935 in a paper by Theis éé
marked the opening of & new era in the analysis and understanding-of the hydraulics
of percolating ground waters. Through the past decade, an ever=increasing number
of engineers and geclogists have become familier with the application of this
formule to practical problems of ground-water flow and have tested it in the field,
against precise observations, under controlled conditions. Although the highly
idealized aquifer assumed for the derivation of this formula is not of widespread
ocourrence in the field, we goin increasing confidence in the use of the Theis
method as our backlog of proven dets accumulates until we now look askance at test
data which do not conform to this theory., In many cases, careful study »f these
anomalous data will reveal the means for estimeting the degree or manner in which

an observed aquifer diverges from the idealized aquifer,

The Theis equation for the discharge of a well in an areally infinite aquifer

may be written

b g [ eV b Qo i,
s o Lot Q / = du = Eéiﬁfifi o W {u) (1)
u 4 '
[ru]
- 2
where W (u) = € au and u - 28778 (2}
u ooy Tt

/i Published by permission of the Director of the U, 8. Geclogical Survey.
District Bngineer,; Ground-Water Division, U. $. Geological Survey.
Theis, C. V., The relation between the lowering of the piezometric surface and

the rate and duration of discharge of a wsll using ground-water storage: Am,
Geophys. Union Trens. 1935, pp. 519-52l,
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drawdown or recovery at any‘point in the cone of influence, in feet
discharge of pumped well, in gallons per minute

coefficient of transmissibility, in gallons per day per foot
coefficient of storage, as a ratio or decimal

distance of observation point from pumped well, in feset

time since pumping started, in days

s

It is assumed in the derivation of this formula that (1) the aquifer is
homogeneous and isotropic; {2) the discharging well completely penetrates the
formation and is of infinitesimeal diameﬁer; (3) the coefficient of transmissibi-
lity is comstant at all places and at all timesg (L) the agquifer is bounded by
impermeable strata above and beleow; (5) the coefficient of storage is constsut and
water is released from storage instantaneously with a decline in head; (&) flow
is laminar and radial or uni-dimensionaly and (7) the aquifer is of infinits arsal

extent,

Although most aguifers are more or less heterogenecus in character, it seems
probable that hydraulic intercomnection throughout the aguifer will result in
continual adjustment of flow between regions of different permeability and trend
toward a steady-state cone of depression, which reflects the average and over=all

3

transmissibility of the eqiifer, The general and widespread agreement betwsen

s

field data and theory serves to confirm this proposition of aguifer behavicre
Research in progress by the U. S. Geological Survey includes the colilection of
experimental evidence from groups of observation wells which are finished at

different depths within an aquifer . to determine the effect of vertical variation
&

in permeability,

The distunces from observation well to discharging well are generally so

>

great in reletion to the small diaemeter of the pumping wells that the condition of
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infinitesimal diameter for the discharging well is usually satisfied. The case

/1
of partial penetrstion has been analyzed by Jacob L4 who demonstrated that proper

spacing of observation wells can minimize the effect of vertical-flow components,

Variations in the coefficient of transmissibility caused by a decrease in the
thickness of the aquifer; as a result of extensive dewatering, may be compensated
/]
L < . N
by a method developed by Jeacob £Q~o Changes in aquifer thickness which result
from slopes of the upper or lower confining bed will cause variations in the
trensmissibility and may void the use of the non~equilibrium method. Although
this casa has not been analyzed to date, it seems probable that appropriste
correction could be made through the uss of a variable transmissibility which is

proportioned to the variation in aquifer thickness, cr by the use of a system of

partial image wells,

"

If the overlying and undsrlying confining beds or aquicludes bounding

aquifer are not impermesble, corvection for leakage from thece beds may be made

P
o

N . . /
by & method recently derived by Jacob £2

The assumption of instantuanecus releass of water from storage with a decline
in head is generally satisfied in artesian aquifers, In the case ol waber~table
aquifers, the slow draining of interstitisel water is not in accord with this
assumption, However, after a sufficient period of time the observetional data
will satisfy the non~equilibrium formula, and accerdingly the Theis method may
by applied to the water-tuble aquifer if proper ellowance is made for the drain-

age=-lag effect,

R

Jacob, C. Be, Notes on determining permeability by pumping tests under water-
table conditions,; U. S. Geslogical Survey mimeographed report, June 194k

ZE Jacob, Co Eo, Radial flow in leaky artesian aquifers Am., Geophys. Union
Trans., pp. 198=208, Apr. 1946,
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The condition of laminar flow is generally satisfied with the possible ex-~
ceptions of limited regions in the immediate vicinity of the face of a discharging
well or in large solution cavitiss or channels, The limiting assumption of one
dimensional flow imposes the greatest restriction on the formulae, but this cendi-
tion may be fulfilled by propsr choice of observation wells and pumping test sites,

1f observations are based on wells lowabted at distances irom the discharging welil

where the flow lines are parallel and within the region where the flow is steady,
the vertical {low components may be discountsd for most problems which invelr

.

partially penetrating wells or surface sources and sinks of limited penstration,

The remaining condition, that of infinite arsal extent, is fulfilled for
most practical purposes in the case of a few major aquifers of ssdimentary rocks,
ke

such as the Daketa sandstone desscribed by Melnzer ~- . Tu most areas,; howsver
the existence of Wwundaries of the foermstlon or of feolds and faults, or dissection
by surface streams, serves Ho limibt the continulty of conscliidated strata 1o dis=
tances measurable in mileg or tens of miles. In the unconsslidated materials and
particularly in the glasiated aress the prarequisite of infinite areal extent is
seldom satisfied by mosb squifers. Az in the case of the previous assumpbions, it

is necessary to make apprepriate adjustment for the effech of geclogic boundaries

before the formula can be applied to areally limited aguifers., The mathematical

treatment of an abrupt discontinuity in a conductor was anelyzed by Lord Xelvin
in his work on electrical thenry, by uss of the method of images., 8o far as known,

the first published application of the image method to problems of ground-weter

/7

flow was mads by Muskat &= in 1937,

Meinzer, Q0. Eo, and Hard, Ho Ao, The artesian-water supply of the Dakota
sandstone in North Dskota, with specisl refsrence to the BEdgeley quadrangles

Us 8o Geol, Survey Water=Supply Puper 520, pp. 73=9%, 1925,

Muskat , Morris, The flow of homogeneous fluids through porous medla, McGraw=
Hill Book Co., Imc., 1937,
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To demonstrate the use of the image method in problems of ground-water
hydraulics; an idealized section of an aquifer with a single houndary is shown by
figure 1, The sand and gravel aguifer, which occupies the left side of the dige
gram, is bounded to the righ%t and is undsrlain by an impervious shale, The verti-
cal dashed line marks the position of the idealized and abrupt boundary, which is
equivalent to the actual sloping boundary, The substitution of & verbical lins
for the actusl sloping boundary introduces little or wno error for wells some dis-
tance from the boundary, but we nay expsct scme deviation between the computed and

observed behavior of wells close to the boundary.
Inasmuch as the shale forming the boundary is impervicus and yields no water

.

the aquiter, the physical condibtion Lo te sutisiied i1z that there shall be no

flow across the Lioundary. This boundary limit can be duplicated by replacing the

Fal

real aquifer with en imsginary aquifer of infinite extent und adding an imaginary
digcharging well, which is sn imags of the resl well and is lcosbed at an ejual

distance from bul on the opposite side of the boumdary. As shown by the central

a

diegram in figure 1, the imge well prroduces a drawdown of water lsvel at the

s g

toundary which is equal to the efiect of the reul well, The net result ias the

development of & water-table divide, everywhere along the boundary. As no flow
can ocour across a divide, the substitute image solubion sabtisfies the physical

boundary condition end is therefore a solution of the original problem, The draw-

tns resl come

Q

down cone for the real aquifer is the composite cbisined by add

in

C‘q

penents of the drawdown cones for the real well and the image well and the frace

of this resultant cons 1s shown in the lowsr part of figure i,

The case of two impermealle boundaries, although somewhat more complex; can
be solved in & very similar manner, The setup of the primary images for this case

1s shown in figure 2, the drawdown cones being shown as solid lines in the region
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Fig. 1 Idealized section of aquifer bounded by impermeable formation
and setup of hypothetical wall system used for solution of
flow problems under this condition,
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of real values and as dashed lines in the region of imaginary values. Note that
although these primary imsges balance the dmwdown effect of the real well at
their respective boundaries, eash lmmge produces an unbalsnced drawdown at the
farther boundsry. Inasmuch as these unbslanced drawdovwns at the boundaries
theoretically would prcocduce a gradient und consequent flow across the boundary,
it is necessary to add & secondary sebt of image wells, at the appropriste dis~
tances, to compensate for the effect of the primary images. Each well of the
secondary imsge set in turn disturbs the balance at the farther boundary and all
sucaessive sets ol imapes to Ilnfinity leave residuals at the boundaries., In

prucbice 1t is necessary only Lo wdd imare pairs until the residusl sffects are

g«

gligible in compariscon to the total eflisct,

In demonstreting the use of the imspe~well method in conjunction with the

Theis formula for the soluticn of ground=-wstsr problams in bounded aguifers, it is
1 s

] E 3 /8 nooa P x

more convenient to work with Jacob's Lo approximation of the non-squilibrium

formule, The exponential integral in equation (1) csn bs evalusted by the follow-

ing seriss

f<)
= 3
f o™ %du . | s . us u s
Jigmemmees = Wlwl = 20,5772 = lop,. B F U o e f e < 0 [ { 51
Ui ; Zs o . :
u 2°2¢ 393

From equation ’2) it may be noted that u will be smell for sufficiently smsll

“

vaiunes of rg/ﬁs Under this condition the terms beyoend 1og, uy in the above series,

may be omitbed with littls error. There follows, then, the modified equation as
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/8 Jacob, C. E., Drawdown Test to determine efiec*wve radius of artesisn wsll:
Am, Soc. Civil Engrs. Proc., vol. 72, Noo 5, pu. 629-6L6, Nay 1946,
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A plot of egquation (A) in dimensionless form is shown as fipgure 3, The inter-
cept of the struight-line plot on the = = Q axis yields the basis for determining
S, the coefficient of storsge.

?

For when s = O, from equation (5}

. D .
loge (Tt/1.87r%s) = 0,5772
Tt/1.87078 = 05772
: |
/ [/ 7 ;.
§ = Tt/1.8702%69: 0772 « 0,7 74/s2 (6)

For two observation wells st distances v, and ¥, or for one observation well
o

at distances y und r, from two discharging wells there follows from squation (&}
[

ol
£

8 =03 TH/rT « 0.3 18y, 2

i /f 2 e - 702 o~
I‘l *}?_ /52 ([)

The determination of the time intercept by extrapolating the semi=-leg plot to
the zeroe-drewdown axis may invelive appreciable error if Lhe observationsal data are
& -t
dispersed and if' the slope of the semi-log plot is small, becsuse the intercept is
poorly defined for small sliopes. In addition, the intsrceplt generally occurs ai
very small values of time and conseyuently small devistions in the intercept locus

result in large variaticns in the time quantity .

The following method was devised to avoid the disadvantages of the intercept

&

method, Assume twe observstion wells st distances ry and ro from the discharging

well and from equation (5) the drawdown in each well is given as

~ .
sy = 116 /T élOQa(Ttl /187 1€ 5) - 005772]
8o = 11L6 /T E}oge(TtQ /1,87 r% s) - 05577205
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Note

icular value of s and from the plot of the

=Bes

from the suni-log plot for one well,

second

the same value of 3. When By = S5 there follows
1156 @ Tty , 11L.6 @
. 10k e w DBT72 s e
T 1037 T
b t2
whence “ﬁ' = =
It is evident from the above relation that the
rawdown in each observetion well is relsted %o its

ing well

From the
the time inltercepts

squere of the distance from the pumpe

in the

saime mamer as the time intercepts

ek

on

form of egquations (7) and (8) it is not
1 J 3

s
2%

dependent cf the rate of pumping.
LS

ke

ot

The form of equation (9) is

to the

In »

tevel in a single observation wall,

/r

, 2
1

Pane

o
kS

law of times defined by Ins

.
kN
LAY

ger

This

ed well to the

zero drawdown or st equal drawdown vary directly as the

obis

statement may be expressed in the form

and the princi

(9]
5011 and Zobeill,

wpplying equation (5) to observations of the

= 1146 Q/T iloge (Tt /1,

Ingersoll, L.
of heat caonducti

Re
%

9
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&

and
Ginn

2
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we have at time *.

Pa

ez

i

- 0.5772

Zobel; 0. Jo, Introduction to the mathematival theory
78, 1913,

the valu. of the time for a part~

well, select the time value at

- 00[:7‘72]
) 20

time of occcwrrence of equ
istance frem the discharg~

Zero arawdown.

ed that for a given agquifer

well and are
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steted is analogou

rates of drawdown of wagter
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Then sy = s7 = 1146 Q/T [loge s /tl] . {10)

Converting to logarithms to the buss 10

2 4 / 1 on - /
Sy = 8 26l QT [LoglO t2 ’tl ] (11)

A semi-log plot of the drawdown or recovery of water level for each observa=-

tion well is muade by pletting the drawdown s versus the logarithu of the time, t,

el
From this plot an arbitrary choice cof tl end t,. can be made and the corresponding
s

g, and 85 values ars noted. For convenlence 4, und %, iy be chosen one log
A &

2
cycle apart , then log {ta /’tl]x 1 and

10
s, = 5, = As = 26} /7
or T o= 26L Qas (12)

From the form of equation (12) it is noted that for a given aquifer the rate

cf drawdown per log cyclie, or the slope of the semi-lg lot, &5, is dependent

¥

jge]

only on Q, the rate of pumping.

If a geologic boundary is slso & hydraulic boundary, as is often the case,
then the above methods may be used to determine its location. For purpose of
illustration, a brief summary is presented of the results obtained from a pumping
test conducted in an underflow conduit near Flint, Michipan. A plot of the test
well seteup is shown in figure L, The discharging well was pumped for several
days at a constant rate and psriodic observetions were mads of the water-lesvel
decline in the observation wells. The semi~log plots of ths observed water-level
data are shown as figures 5 to 10, inclusive, and it may be noted that each plot
shows a tri-partite sequence. The slope of each subsequent limb of the plot is
related to the original limb by an intsgral multiple, The second limb declines

at twice the rate of the first limb, zs would be expected from the addition of
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one complete image of the discharging well., In turn, the slcope of the third limb
is three times «s great as the siope of the first 1limb, because the addition of the
ssoond imsge well ralses the totsl withdrawal rute to three times its original

value,

A y s

Each limb on the semi-log plots is extrapolated to permit measurement of the

deperture between the seversl linbs, The time values used for computing the

image distunces ure determined from the grapa by aoting the time reguired for the
first limb to reach & glven drawdown snd the totel time elapsed when the depart-

ure between limbs reaches the same dinwdown value, These intercepts are noted

on each graph and the corresponding image caleulations sre shown,

As previcugly mentioned, the use of Jacnbfs ampproximste method should be
resiricted to small values of u which ocsur when the distance r is small and the
time t is large, Generally; inage distances are reiatively larpge compared to the
distunce [rom ao observetion well %o a pumping well. If more than one image is
tunce Irom &n observation well to each of

imvolved, it mey bLe found thal the dis

- “

several image wells may bs of the same gensral order. ¥For this condition the

semi-log prlot of drawdown versus tims will record an initial straighte-line segment
under the influencs of the pusping well, Whan the effect of the Iirst inmage well

reaches the cbservation well the observed dats will follow a curved path through
the region where the values of u are large, A4s t becomes sufficiently large rela-
tive to the vulue of r~ the value of u for the imsge well becomes smell until the

observed data once agnin follows a straight-line path, Thus, if only a single

image well is invelved; a two-limbed plot will result,

If more than one image well cccurs and if the image wells are at comparable
distances then the effect of second, third, or higher-order image wells may reach

an observstion well before sufficient time has elapsed for v %o become small
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elle

enough to warrant the application of this method to the effect of the first image
waell, Under these circumstances the observed data trends along a curved path,
This was the case in the Flint pumping test which is used nherewith for illustra-

tion,

It is possible to secure approximate velues for the lecation of the image
wells by drawing tangents to Lhe chesrved-data plet at the appropriate slcpe

3

value, The intersecticn of these Ltangents gives a first approximation for the
image distance. Inasmuch as the obsserved data dees not reach the full slope value
for sny glven image bsfors the ellect of a higher-order image occurs, it may be

shown that the times intercept determinsd by the tangeunt method is too smsll or the

imspe distance is short of the correct value,

The imsge distsnces obtalred oy this first approximsation may be increased s
small end arbifrery smount and used as the basis for computing the drawdown at

esch observation well. Compers the ocowpnted curve with the observed dsts and

{
iy
]
P g

RS

estimate what swdditionsl chanpe iv the imapge distznce will be regquired to

agreement . Through successive trials in this marmer &

L

i Locabion of the imege

s

wells and boundaries smy be determinsd. To avoid undus complicaetion in the
presentation of this method,; ihe above refinement has been smitied and thus any

data computed o the basis of the prelininery image locations shown by figure i

will not check the observed-data plots.

The imapge distance from each semi-log plot is circumscribed on figure l, the
center of the circle being locauted at the uppropriate observation well, The

intersection of the arcs theoreticaelly pinpoints the locus of the image welle.
o k &

However, the dsviations of the resl aquifer from the vertically-bounded

aquifer which is assumsd in using the method of images results in a dispersion
7
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of the arcs and thelr intersections. As shown by figure L, most of the arc
intersections for the eust image well cccur within a narrow band which intersects
East Hemphill Road southwest cf Pengelly Road, The concentration of arc inter-
cepts for the east inege infers that the east boundary is quite abrupt. With
only a few arc intersectlons and with the wide dispersion of arcs the locus of
the west imsge is placed at the center of the arc bhend, vhere the arcs are most

ciosely grouped, The dispersion of the arcs for the west imege well indicate

that the west boundary of the aquifer is much less abrupt than the sast boundary,

By construction, the hydraulic boundary is located at the midpoint of a line
drawn from the discharging well to the respective images well, The trace of the

computed boundary is shown on figures 4 and 11. In comparing the hydraulic

i

boundaries with the pgeologic secbtion shown in figure 11, it should be noted that

1

the computed boundaries define the limits of

By
<5
3
3

idenlized restangular aqui

which duplicates the hydraulic hehavior of the real acuifer,
%

Although the methods presented above are limited in their epplication by
the many idealized assumptlons which are necessary to their derivetion, it sesms

o

]‘«"“J

(‘u

probable that these methods can assist in the interpretation of losal
from pumping~test data. These duta serve also to emphssizs the point that the

hydraulic evidence from pumping tests will agree with and support the geologic

1\,

T2

&

Y

evidence , if interpretation of the pumping=-test data is correct, Converssi 1y, it
may be stated that any disagresment between the hydraulic and geolovxc avidence
in a given problem is untenslLle and points to incorrect interpretation of either

or both sets of data,
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